Using a standard Levenberg-Marquardt algorithm, broadband quarter-wave plates (QWPs) with bandwidth from 3 to 18 eV in the extreme ultraviolet (EUV) region were designed using aperiodic Mo/Si multilayers. By analyzing the design results of the Mo/Si multiayers with different bilayer numbers, we found that a Mo/Si multilayer with more bilayers can achieve broader phase control, but suffers from lower total throughput and a degree of circular polarization. In addition, the pulse broadenings caused by the group delay dispersions of the designed broadband QWPs were studied, and their layer distributions were investigated. The oscillating distribution of bilayer thickness in optimized multilayers was observed, which is considered to be the reason for forming the broadband phase control. Such broadband QWPs can be applied to generate a circularly polarized broadband EUV source, such as isolated attosecond pulse, directly from a linearly polarized source.
Introduction
Isolated attosecond pulses in the extreme ultraviolet (EUV) region have become an efficient tool for the direct observation and control of ultrafast electron dynamics in atoms and molecules [1] [2] [3] [4] [5] . To generate an isolated attosecond pulse, high-order harmonic generation (HHG) with a gating scheme is usually used [6] [7] [8] , driven by an intense laser field. However, all previous attosecond pulse generation was obtained with intense linearly polarized HHG [9] . Generating isolated attosecond pulses with circular polarization might open avenues for the investigation of the magnetic circular dichroism (MCD) effect [10] and ultrafast magnetization dynamics [11, 12] of the absorption edges of transition metals in the EUV region.
For atomic systems with spherical symmetry, circularly polarized high-order harmonics is difficult to produce because of the conservation of angular momentum and the suppression of recollision [13, 14] . Several attempts have been made to obtain circularly polarized EUV pulses by breaking the axial symmetry of the system. Weihe and Bucksbaum [15] reported that elliptically polarized harmonics could be realized by using an elliptically polarized driving laser, but the efficiency of generating harmonics decreased seriously with increasing ellipticity of the driving laser [16] . Zhou et al [11] found that harmonic emission from N 2 molecules can be strongly elliptically polarized even when driven by linearly polarized laser fields. However, the degree of circular polarization was low (<40%), and the molecules need to be aligned by an initial laser pulse, making the setup complex. Using bichromatic circularly polarized laser fields with opposite rotation polarization directions, Milosevic et al [17] proposed a scheme for the production of circularly polarized harmonics. Recently, near circularly polarized high-order harmonics and attosecond pulses have been generated using ring-current states with angular momentum m 6 = in atoms [18] or by combining elliptically polarized laser and strong static fields in molecular ions [19, 20] .
Another way to generate isolated attosecond pulses with circular polarization is by directly converting linearly polarized attosecond pulses into circularly polarized pulses, which generally need broadband quarter-wave plates (QWPs) for polarization control in the EUV region. Compared with the existing approaches for generating circularly polarized attosecond sources, this externally modulated method can be realized by simply inserting a broadband QWP into the traditional HHG system, and will achieve a higher degree of circular polarization and total throughput providing the broadband QWPs are designed properly. Although EUV QWPs [21] [22] [23] [24] have been studied for nearly 25 years since Kortright and Underwood [21] first investigated the possibility of a EUV QWP using a transmission multilayer structure, broadband QWPs for polarization control of isolated attosecond pulses are still not available.
In this work, we explored the possibility of designing broadband EUV QWPs of the transmission type using aperiodic multilayer structures, which have been widely applied in the design of broadband EUV optical elements, such as reflective mirrors [25, 26] , polarizers [27, 28] , phase retarders [29, 30] , analyzers [31] , and the attosecond compressor [32] [33] [34] . We chose transmission over reflective EUV QWPs in the design because a large phase shift is hard to realize using a multilayer structure under reflective conditions [21] . By using a standard Levenberg-Marquardt algorithm (LM) [35] , a series of broadband transmission QWPs centered at 90 eV with a bandwidth from 3 to 18 eV were realized in the EUV region. The achievement of such broadband EUV QWPs could offer a technique for polarization control of attosecond pulses with a duration as low as 100 as, according to the Fourier transform theory [36] .
Design procedure
For the design of broadband EUV QWPs using aperiodic multilayer structures, the incident angle, multilayer materials, and layer distribution need to be chosen properly. In our design, the incident angles for all cases were set to 45°, near the quasi-Brewster angles of multilayer materials which have nearly the same complex refractive indices (all close to unity) in the EUV region. Such a choice of incident angle can ensure the p-polarized component of the incident EUV source transmits through the multilayer as much as possible, and ultimately improves the total throughput of the transmission multilayer.
In addition, the well-know molybdenum/silicon (Mo/Si) multilayers were chosen for our design because of their great performance in achieving broadband EUV optical elements [27, 29, 31, 35] . The optical constants of Mo and Si used in the simulation were derived from the handbook edited by Henke et al [37] . To provide a reasonable prediction of the characteristics of the multilayer optics, the inter-diffusion effect between the Mo and Si layers in the multilayer structure was considered in all cases following a proven model used in the realistic design of aperiodic Mo/Si multilayers [38] .
For the design of a broadband EUV QWP using a Mo/Si mutilayer, the thickness of each layer needs to be optimized using a proper algorithm, to achieve a 90°phase shift between the transmitted s-and p-polarized waves in the designed broadband EUV region. In our design, a standard LM algorithm was used. The merit function (MF) used for optimization is written as:
Δϕ is the calculated phase shift at photon energy E , j and n is the number of calculated energies in the design region. By minimizing the MF, the layer distribution of Mo/Si multilayers can be optimized using the LM algorithm, and broadband QWPs can be realized. To avoid over-emphasizing a perfect 90°phase shift and speed up the optimization, a criterion MF 1 ⩽ was added into the LM algorithm, which represents the design requirement for broadband QWPs. If the criterion is fulfilled during the calculation, the LM algorithm will stop optimizing and output an optimized multilayer structure, which is regarded as a broadband QWP.
As a local optimization algorithm, the LM algorithm cannot always give out the results fulfilling the criterion, because the optimization of the LM algorithm strongly relies on the seed structure, i.e. the original Mo/Si multilayer structure used for optimization. In our design, transmission periodic Mo/Si multilayers, which have been used in singleenergy EUV QWPs design for years [21] [22] [23] , were used as the seed multilayer structures for the broadband EUV QWPs design. The period thickness d and the thickness ratio γ of the seed periodic multilayer were designed to maximize the phase shift of the center energy of the designed EUV region, which was 90 eV in our design. In our cases, d 10.4 nm = and 0.4 γ = were used, and the optimized thickness of the Mo and Si layers were in the range of 3-6 nm and 4-7 nm respectively. Furthermore, the bilayer number N of the seed multilayer structure was considered to be a variable for the optimization, and its influence on the optimization results was studied.
Results and discussion
Using the design methods in section 2, periodic Mo/Si multilayers with various N (changing from 25 to 50) were optimized for designing broadband transmission QWPs with different bandwidth ( E 3, 6, 9, 12, 15, 18 eV ). 
least When E Δ rises from 3 to 18 eV, the least bilayer number N least of the Mo/Si multilayer, used for the broadband QWP design, increases from 22 to 42 (figure 2). Consequently, to design a broadband QWP with a broader bandwidth, more layers are needed in the Mo/Si multilayer. In other words, the Mo/Si multilayer with more layers can achieve broader phase control.
In addition, the nearly linear relationship between N least and E Δ was found (figure 2), and the linear fitting result was N E 18.87 1.36 , least Δ = + which can be used to predict the N least for the design of a particular broadband QWP.
To verify the optimization results, we evaluated the phase shift of the optimized multilayers with N least for design bandwidths E 3, 6, 9, 12, 15, 18 eV Δ = respectively.
These optimized multilayers all showed a flat phase shift Δϕ of 90°as a function of the photon energy E in their design band (figure 3), which fulfilled our design requirement for a broadband QWP in the EUV region. Although a Mo/Si multilayer with N N least ⩾ can be used to design the broadband QWP with a particular bandwidth, the increase in N, which is the increase in the total thickness of the multilayer, will decrease the transmission of the multilayer for s-and p-polarized components (T s and T ) p because of absorption. figure 4(a) ), but the multilayer with a greater N exhibits lower T s and T p ( figure 4(b) ). The drop in transmission will reduce the total throughput of the transmission multilayer, and limit its application for phase control of the broadband EUV source, such as a isolated attosecond pulse. Thus, for the design of broadband QWPs, N least is the optimized bilayer number which can ensure a high total throughput and broadband phase control simultaneously.
Furthermore, we studied the transmission characteristics of optimized multilayers with N least for each E, Δ and calculated the average transmission of multilayers for s-and p-polarized components (T s and T ) p and the average degree of circular polarization P c [39] in their respective bands (table 1) . According to [39] , the value of the azimuthal angle α which maximizes the degree of circular polarization P , α cannot be a constant over the whole design band. To obtain maximal P , c the average value of c α for all photon energies in the design band was adopted in our calculation. As shown in table 1, when E Δ increased from 3 to 18 eV, T s and T p decreased from 6.19% and 23.9% to 2.5% and 7.36% respectively, while P c decreased from 0.9324 to 0.7474. The results indicate the multilayer with the larger N suffered from lower average transmission T s and T p (i. e. lower total throughput) and the average degree of circular polarization P c in its design band, even though it owned the power for achieving broader phase control.
When these broadband QWPs are used for polarization control of attosecond pulses, the preservation of short pulse duration is usually the paramount requirement. However, an unchirped incident pulse will be broadened temporally when transmitting through the multilayer with a group delay dis-
To evaluate the dispersion of our designed broadband QWPs, we calculated GDD for s-and p-polarized components (GDD s and GDD ) p of three optimized multilayers ( E 6, 12, 18 eV) Δ = in their respective design bands (figure 5). Except for those near the band edges, nearly all the values of GDD s and GDD p varied around zero with small amplitude, indicating low dispersion of the optimized multilayers in their design band.
To study the pulse broadening characteristics of designed broadband QWPs directly, three unchirped isolated attosecond pulses with smoothed flat-top intensity distributions, similar to the plateau region of the high-harmonic spectrum near the cutoff, were modeled in our simulation [40] . The pulses were all centered at 90 eV, and with 6, 12 and 18 eV spectral band-widths respectively. We assumed each pulse transmitted through the optimized multilayer with the same band width ( E 6, 12, 18 eV ). Δ = The temporal intensity shapes of the input pulse and of the s-and p-polarized transmitted pulses for each case are plotted in figure 6 .
After transmitting through the optimized multilayer, the temporal full-width at half-maximum for the input pulses increased from 610, 305, 203 as to 633, 333, 233 as for s-polarized output pulses, and to 612, 311, 216 as for p-polarized output pulses. The pulse broadening was very limited in each case, verifying the low dispersion characteristics of designed QWPs and good feasibility for using them in real life.
To investigate the reason for achieving broadband phase shift using optimized Mo/Si multilayers, the layer distribution of the optimized Mo/Si multilayer with N least for each E Δ is also shown here (figure 7). The bilayer thickness of six optimized multilayer structures all oscillated around the original period (d 10.4 nm ), = however, with different oscillation amplitudes. In contrast with previous research [21, 22] , which reported that the largest transmission phase shift always appeared at the edge of the Bragg band for a periodic Mo/Si multilayer with a fixed bilayer thickness, the oscillating distribution of bilayer thickness shown here may contribute to forming the broadband phase shift.
The design procedure, implemented through the LM algorithm, was used to search for stable multilayer structures, i.e., not critically dependent on deposition errors of the thickness of the layers. Therefore, we tested the structural stability of all the designed broadband QWPs shown in figure 7 using the method described in [41] . Five hundred test samples were considered. The average values of the transmission phase shift Δϕ in the design band for these 500 samples were calculated and analyzed by randomly varying (in the range ±1 Å) the thickness of the layers of the nominal structure (table 2). The means of Δϕ of 500 samples for various E Δ were all within 1°deviation of 90°, and the standard deviations of the samples were all less than 2°, showing good stability of the designed broadband QWPs against layer-thickness deposition errors. 
Conclusions
A method for designing broadband QWPs in the EUV region using Mo/Si multilayers is described in this paper. In addition, a series of Mo/Si multilayer structures were optimized to achieve broadband phase control using the standard LM algorithm. The characteristics of transmissions, group delay dispersions and layer distributions of designed broadband QWPs were studied. The achievement of such broadband QWPs in the EUV region can provide a technique for control of the polarization of broadband EUV source, such as isolated attosecond pulses, and may improve the study of the MCD effect and ultrafast magnetization dynamics in the EUV region. 
